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is a particular integral of the differential equation, Eq. 18. To this
could be added a complementary function, that is, any solution of the
homogeneous differential equation

dt (35)

Now this is just Eq. 65 of Chapter 7, whose solution we found, in
Section 7.9, to be an exponentially decaying function,

/ ~ e-iR/L)t ( 3 6 )

The physical significance is this: A transient, determined by some ini-
tial conditions, is represented by a decaying component of 7(7), of the
form of Eq. 36. After a time t » L/R, this will have vanished leaving
only the steady sinusoidal oscillation at the driving frequency, repre-
sented by the particular integral, Eq. 34.

The similarity of our results for the RL circuit and the RC cir-
cuit suggests a way to look at the inductor and capacitor in series.
Suppose an alternating current 7 = 70 cos (at + <p) is somehow
caused to flow through such a combination (shown in Fig. 8.9). The
voltage across the inductor, VLJ will be

VL — L— = —IQO)L sin (ait + <p)
at

(37)

The voltage Vc across the capacitor, with sign consistent with the sign
of VL, is

(38)

70 sin (ut + <p) (39)

The voltage across the combination is then

V = VL + V = - (<ol - - M
V uC

For a given u>, the combination is evidently equivalent to a single ele-
ment, either an inductor or a capacitor, depending on whether the
quantity coL — 1/coC is positive or negative. Suppose, for example,
that coL > 1/coC. Then the combination is equivalent to an inductor
L such that

= coL - —
C

(40)

Equivalence means only that the relation between current and voltage,
for steady oscillation at the particular frequency co, is the same. This
allows us to replace L and C by 7/ in any circuit driven at this
frequency.

This can be applied to the simple RLC circuit in Fig. 8.10. We

FIGURE 8.9
The inductor and capacitor in series are equivalent to a
single reactive element which is either an inductor or a
capacitor depending on whether co2/_C is greater or less
than 1.

FIGURE 8.10
The RLC circuit driven by a sinusoidal electromotive
force.
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A solução particular é oscilatória e periódica, com período  T =
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⌦
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Nossa solução
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            tem um máximoA(⌦)

dA

d⌦
= �✏0

2
[R2 + (XL +XC)

2]�3/2 2(XL +XC) (
dXL

d⌦
+

dXC

d⌦
)

A(⌦) =
✏0
|Z| = ✏0 [R

2 + (XL +XC)
2]�1/2
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Tendo em vista que 
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Condicões de Ressonância

Na ressonância 



Quanto menor for o valor da resistência R, mais alto será o pico
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FIGURE 8.11
An emf of 100 volts amplitude is applied to a series
RLC circuit. The circuit elements are the same as in the
example of the damped circuit in Fig. 8.4. Current
amplitude is calculated by Eq. 41 and plotted, as a
function of w/«0. for three different resistance values.

Exactly at resonance, the quantity inside the square root sign in Eq.
41 is just R2. As a; is shifted away from resonance the quantity under
the square root will have doubled when |a>L — l/coC| = R, or when,
approximately,

2|Aco| R
(47)

This means that the current amplitude will have fallen to 1 / V 2 times
the peak when | Aco/co01 = 1/26- These are the "half-power" points,
because the energy or power is proportional to the amplitude squared,
as we shall explain in Section 8.5. One often expresses the width of a
resonance peak by giving the full width between half-power points.
Evidently that is just \/Q times the resonant frequency itself. Circuits
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FIGURE 8 . 1 2
The variation of phase angle with frequency, in the
circuit of Fig. 8.11.

FIGURE 8 . 1 3
An alternating-current network.

with very much higher Q than this one are quite common. A radio
receiver may select a particular station and discriminate against oth-
ers by means of a resonant circuit with a Q of several hundred. It is
quite easy to make a microwave resonant circuit with a Q of 104, or
even 105.

The angle <p, which expresses the relative phase of the current
and emf oscillations, varies with frequency in the manner shown in
Fig. 8.12. At a very low frequency the capacitor is the dominant hin-
drance to current flow, and <p is positive. At resonance, (p = 0. The
higher the Q, the more abruptly <p shifts from positive to negative
angles as the frequency is raised through coo.

ALTERNATING-CURRENT NETWORKS
8.3 An alternating-current network is any collection of resistors,
capacitors, and inductors in which currents flow that are oscillating
steadily at the constant frequency co. One or more electromotive
forces, at this frequency, drive the oscillation. Figure 8.13 is a diagram
of one such network. The source of alternating electromotive force is
represented by the symbol -Q^. In a branch of the network, for
instance the branch that includes the inductor L2, the current as a
function of time is

h = hi c o s (48)

Since the frequency is a constant for the whole network, two numbers,
such as the amplitude 702 and the phase constant p2 above, are enough
to determine for all time the current in a particular branch. Similarly,



Fasores

Notação complexa permite uma análise simples

Dependência temporal da corrente:  

Dependência temporal da voltagem:                              onde 

Voltagem defasada em relação à corrente   

Î = Īei⌦t

V̂ = V̄ ei⌦t V̄ = V0e
i�

     é a fase de V   �

V̂ = V0e
i(⌦t+�)



Circuito puramente resistivo

Em qq instante de tempo:  ✏�Ri = 0 ) ✏ = Ri

Ĩ(t) = Ĩ0 e
i⌦t; ✏̃(t) = ✏0 e

i⌦t

  A impedância resistiva é a própria resistência (#real) 

✏̃(t) = R Ĩ(t); ✏̃ = ZĨ ) ZR = R

  A d.d.p.        está em fase com a corrente     . ✏̃R Ĩ



Circuito puramente indutivo
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Circuito puramente capacitivo
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Resumo

cancels out the current in the capacitor, so that the total current in the circuit reaches a 
minimum, and is equal to the current in the resistor: 

I0 =
V0 (12.6.13)
R 

As in the series RLC circuit, power is dissipated only through the resistor. The average 
power is 

V0
2 2 2 ZV0 V0 ⎛ ⎞  P t( )  ( )  ( )I  t V t  2 ( )I  t R  sin  2 ωt = = ⎜ ⎟ (12.6.14)= = = R R R 2R 2Z R⎝ ⎠

Thus, the power factor in this case is  

P t( )  Z 1
power factor = 2 = =  = cos φ (12.6.15)

V0 / 2Z R ⎛ R ⎞2 

1+ ⎜ R C  ⎟ω − 
⎝ ωL ⎠

12.7 Summary 

• In an AC circuit with a sinusoidal voltage source V t( )  = V0 sin  ωt , the current is 
given by ( )  = I0 sin(  t − ) , where I0 is the amplitude and φI t  ω φ  is the phase 
constant. For simple circuit with only one element (a resistor, a capacitor or an 
inductor) connected to the voltage source, the results are as follows: 

Circuit Elements Resistance 
/Reactance 

Current 
Amplitude  

Phase angle φ 

R 0 
R0 

VI 
R 

= 0 

LX Lω= 0 
L0 

L 

VI 
X 

= / 2π 
current lags voltage by 90° 

1 
CX 

Cω 
= 0 

C0 
C 

VI 
X 

= / 2π− 
current leads voltage by 90° 

where X L  is the inductive reactance and XC is the capacitive reactance. 

• For circuits which have more than one circuit element connected in series, the 
results are 

12-22 



Conexão de impedâncias em série

  A corrente que flui através dos elementos do circuito é a mesma

V = V1 + V2 = Z1I + Z2I = (Z1 + Z2)I

Z1 Z2

I

Veq = ZeqI ) Zeq = Z1 + Z2

 Nota: as impedâncias se somam como números complexos

Z1 = R1 + iX1; Z2 = R2 + iX2 ) Zeq = (R1 +R2) + i (X1 +X2)

|Zeq| =
h
(R1 +R2)

2 + (X1 +X2)
2
i1/2

✓ = arctan

✓
X1 +X2

R1 +R2

◆
Zeq = |Zeq| ei✓



Conexão de impedâncias em paralelo

  A d.d.p. nos terminais dos elementos do circuito é a mesma e a corrente total é a 
soma das correntes que fluem através deles

 Nota: mais uma vez, as impedâncias se somam como números complexos e a 
soma deve ser feita como tal.
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Potência média em um circuito CACircuito puramente resistivo

Em qq instante de tempo:  ✏�Ri = 0 ) ✏ = Ri

Ĩ(t) = Ĩ0 e
i⌦t; ✏̃(t) = ✏0 e

i⌦t

  A impedância resistiva é a própria resistência (#real) 

✏̃(t) = R Ĩ(t); ✏̃ = ZĨ ) ZR = R

  A d.d.p.        está em fase com a corrente     . ✏̃R Ĩ

Wednesday, December 11, 13

Circuito puramente resistivo P = ✏ I = RI2 =
✏2

R

✏ = ✏0 sin(!t); I = I0 sin(!t) )

P = ✏0 I0 sin
2(!t) = RI20 sin

2(!t) =
✏20
R

sin2(!t)

hP i = 1

T

Z t0+T

t0

P (t)dt =
RI20
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Z t0+T
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sin2(!t)dt

T

2

hP i = 1

2
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1

2
✏0 I0 =

1

2

✏20
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 Note a existência do fator 1/2.



Podemos definir a corrente eficaz (         ou          ) e a tensão efetiva  (         ou          )Ief Irms ✏rms✏ef

Ief =
I0p
2
; ✏ef =

✏0p
2

) hP i = RI2ef = ✏ef Ief =
✏2ef
R

No Rio a tensão eficaz nas nossas residências é ✏ef = 127V ) ✏0 ⇡ 180V

Amplitude da tensão     



 Em um circuito geral a corrente é defasada em relação à tensão  

P = ✏ I = ✏0I0 sin(⌦t) sin(⌦t� �)

✏ = ✏0 sin(⌦t); I = I0 sin(⌦t� �) )

Potência média em um circuito geral CA 

Utilizando a relação trigonométrica 

sin(⌦t� �) = sin(⌦t) cos(�)� sin(�) cos(⌦t)

P = ✏0 I0 cos(�) sin
2(⌦t)� ✏0 I0 sin(�) sin(⌦t) cos(⌦t)

obtemos 

A potência média 

hP i = 1

2
✏0 I0 cos(�) = ✏ef Ief cos(�)

fator de potência    



fator de potência    

A potência média 

cos(�) =
R

|Z| =
Rp

R

2 +X

2

hP i = ✏ef Ief
Rp

R2 +X2

Z = R+ iX ) |Z| =
p
R2 +X2


